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G E N E R A L  T H E O R Y  OF H E A T  A N D  M A S S  E X C H A N G E  

I N  C H E M I C A L L Y  R E A C T I V E  S Y S T E M S  I N  M E C H A N I C A L  

E Q U I L I B R I U M  W I T H  E L E C T R I C  F I E L D  W I T H I N  

T H E  F R A M E W O R K  O F  T H E R M O D Y N A M I C S  O F  I R R E V E R S I B L E  

P R O C E S S E S  

A.  S. P l e s h a n o v  UDC530.161/ .162 

Genera l  ana lys i s  of the effects  of chemica l  r eac t ions  on the p r o c e s s e s  of heat  and m a s s  t r a n s f e r  has 
been the subject  of many  invest igat ions (see l i t e r a tu re  ci ted in [1]). Such an ana lys i s  for  mechan ica l  equil ib- 
r i u m  s y s t e m s  in s y m m e t r i c a l  f o r m  was given in [2]. In the p resen t  a r t i c l e  it is shown that  a descr ip t ion  of 
chemica l  p r o c e s s e s  in the spec ia l  meaning of the t e r m  can be c a r r i e d  out independently of heat and mass  t r a n s -  
fe r .  

The p r o c e s s e s  which take place in a mechanica l  equi l ibr ium (at r e s t )  s y s t e m  consis t ing  of k chemica l  
components  K i(i, j = 1, . . . ,  k), among which r independent r eac t ions  Rs (s, t = 1, . . . .  r) occur ,  a re  descr ibed  
by k continuity equat ions,  

Oct ~ mivisO~, (i) p -~- "q- div Ii = 
$ 

where ,  in addition to other  notation, c i is m a s s  f rac t ion;  I i is diffusion flow; mi is moleeu la rweigh t ,  g / m o l e ;  
0s is the r a t e  of Rs ,  m o l e / e r a  3- sec;  Vis is s to ieh iomet r ic  coeff icient  of K i in R s. Moreover ,  we have the 
mechan ica l  equi l ibr ium condition 

V P = pzE, (2) 

where  z is the f r ee  cha rge  per  unit of m a s s ,  as wel l  as the energy  equation which in usual notation is given 
by 

Ope/at -b divq = (jE). (3) 

The s y s t e m  (1)-(3) is supplemented  by the Gibbs re la t ion ,  
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de + pdV = Tds + ~_~ ~idc~, (4) 
i 

where  Pi is chemica l  potential  pe r  unit m a s s ,  and a lso  by the condition that the e l ec t r i ca l  f ie ld is a potential  
o n e ,  

E = - w (5) 

and, f inally,  by the Poisson equation, 

dig D = pz. (6) 

In addition, the continuity condition of the e lec t r ic  cu r r en t  is given in its low-f requency  approx imat ion  by 

divj= O. (7) 

F r o m  (1)-(4) the re  follows the equation for  the entropy,  

p-~- + d iv-  T q - -  ~ I i  = (qv) + - -  (Iiv) As 1 (s) 

where  As = ~ v~m~p~ ----- ~ , ~ M ~  is the chemica l  affinity.  
i i 

t ions ~i = t t i / T  and ~ s  = A s / T "  By introducing the e l ec t rochemica l  potential ,  

p~ = ~i + z~r 

where  z i is the charge  of K i per  unit of m a s s ,  a s w e l l  as the genera l ized  heat  flux q*= q+j~0, we a r e  able to 
r educe  (8) to a f o r m  with no explicit  e l ec t r i ca l  t e r m :  

Os . ..  t [ ) = ( q . v ) . T t  X(I~v)~t ;__X0-As"  p-~- ~- mv--f- .q - -  ~t,I, , 

Then 

We shall  find it convenient  l a t e r  to use the Planck func-  

i i 

and by v i r tue  of the conserva t ion  law of the e lec t r i c  cha rge  for  r eac t ions  of the f o r m  

v . m i z ~ - -  ~, v.Z~ = 0 
i i 

one has - *~ A s =As. 

It can be shown that  the modified Gibbs re la t ion  (4) under the assumpt ion  (2) of mechanica l  equi l ibr ium 
in a f ield of conse rva t ive  f o r c e s  such a s  in (5) is given by 

rig* = --  sdT + ~ ~t~dcl, 
i 

where  g is the in ternal  t he rmodynamic  specif ic  potential .  The genera l ized  G i b b s - D t t h e m  re la t ion  is wr i t t en  
a s  

sdr + ~ c~d~ = O. 
i 

Final ly ,  one a lso  has the re la t ion  

h*V -~- = X c~V~,  
i 

which enables one to r e w r i t e  (9) in the f o r m  [2] 

where K~ = I~ --  ciq*/h*, h* 

(9 )  

(10) 

this being the genera l ized  enthalpy. 
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As r e g a r d s  Eqs .  (9) and (10), it should be no t iced  that  t hey  r e m a i n  invar ian t  wi th  r e s p e c t  to the r e f e r e n c e  
l eve l s  of  fl~ and h* .  In p a r t i c u l a r ,  one can a lways  define h* such  that  th is  quant i ty  r e m a i n s  pos i t ive  fo r  any 
T > 0 .  

Equat ion  (10) is ident ica l  wi th  its c o r r e s p o n d i n g  equat ion  in [2] in the c a s e  of  the in t roduced  ge n e ra l i z e d  
#i  and Ki. If, f r o m  now on, the a s t e r i s k  * is omi t t ed ,  one obta ins  for  s the  e x p r e s s i o n  [2] 

: :  - - ~  (K~ V)~'i --  E O~A-:~, (11) 
s 

the l a t t e r  imply ing  the ge ne ra l  k ine t ic  equat ions  of the t h e r m o d y n a m i c s  of i r r e v e r s i b l e  p r o c e s s e s ,  

Os = __ ~ Lst~t; (12) 
t 

K~ : - E M~jV~,  ( 1 3 )  
3 

w h e r e  Lst  = Lts  and MIj = Mji a r e  k inet ic  coef f i c ien t s .  The  l ack  of  c o r r e l a t i o n  be tween  the s c a l a r  and the v e c -  
t o r  quant i t ies  in (12) and (13) is a c onse que nce  of  the  Cur ie  p r inc ip le .  It a p p e a r s  tha t  in this  c a s e  t h e r e  is a l so  
an addi t ional  r e d u c t i o n  of c o r r e l a t i o n  in Eqs .  (13). 

Let  the s y s t e m  under  c o n s i d e r a t i o n  c o n s i s t  of  a d i f fe ren t  kinds of  a t o m s  A l (/, m = 1, . . . .  a). By the 
def ini t ion of independent  r e a c t i o n s  one has  a =k  - r .  One now o r d e r s  Ki in such  a w a y  that  the f i r s t  a p laces  

a r e  occup ied  by A l and the  r e m a i n i n g  by the m o l e c u l e s  K~+, = ~  nz,,+, At, w h e r e  n / ,  a +s is the  n u m b e r  of  A l 
l 

in K a + s. If one r e g a r d s  the  r e c o m b i n a t i o n  r e a c t i o n s  as  independent ,  one can  r e w r i t e  (1) as  

OC l 
p : - ~  ~ diviz = --  "~rnlnf,,~_~-s Os; 

$ 

OC aW s 

(14) 

(15) 

w h e r e  

The combina t ion  of (14) and (15) y ie lds  ins tead of (14) the equat ions  

0q ~ 
p --~ + div I ~ = O, 

nl,a~-s ml  c o : :  cl § z.~ ~ ca+g; 
'%+ '  (17) 

l ~ = Iz -~ ~ nz'~+" rnz Ia+~. 
s ma+s 

Thus ,  the cont inui ty  equat ions  (16) fo r  any n u m b e r s  of a t o m s  in a s y s t e m  take  the f o r m  of s t a n d a r d  equat ions 
wi th  no c h e m i c a l  t e r m s .  By  p r o c e e d i n g  now to K~ in (11) s i m i l a r l y  as  in (17) one obtains  

w h e r e  k i = K i / m  i. 
is ,  in p a r t i c u l a r ,  

o = - -  ~ (k~ V )  M-z - -  ~ (ka+, V ) A ,  - -  ~ O[A., (18) 
S s 

The kinet ic  equat ions  which  fol low f r o m  (18) a r e  g e n e r a l l y  of  the f o r m  of (12) and (13), tha t  

k ~  - -  ~Mlm V Mm-- ~ M z . ~ / A , ,  
Tn $ 

l t 

(16) . 

(19) 

The v a r i a b l e s  in (18) and (19) a r e  now sub jec ted  to s o m e  l inea r  t r a n s f o r m a t i o n s  so  tha t  the e x p r e s s i o n  
(18) and Eqs .  (15) and (16) r e m a i n  invar ian t .  T h e s e  t r a n s f o r m a t i o n s  a r e  of the f o r m  

t 

o~ = E b.0;, k,~+~ -- E b~,k:+,, (20) 
t t 

= dlmkm, 
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where  

~_~ as,sb,,t = ~5,t, Y,  cv~dvm = 8trn, 

and 6s t  and 6 lm are  Kronecke r , s  symbo l s .  The re fo re ,  the unknown quanti t ies  in (20) a r e  the r 2 values  a st  and 
the a 2 values  Clm. Substituting the expres s ions  (20) in (18) and (19), one obtains 

l S $ 

k~" :: --  E M;, V M~ --  E M;, V A;; 

k: +, ,  = - -  ~, M:, V M; --  ~] M:, V " A ; ,  
I 

where  

Mira ~ ~] Mvm'cvzcm',~; 
| ' , m '  

M;a = ~ Mratatsc~ = -M:t = ~' Mtmat,cmt, 
mfl rn,t 

M'.,t = Y, M,,t,a,,~at't. 
$ ' t  S 

! 

One can always se lec t  the values  a s t  and Clm in such a way that the a r  conditions Mls=M~/  = 0 a r e  
sat isf ied.  Thus,  one can  be ce r t a in  that the re  is no co r r e l a t i on  in the kinetic equations (19) between the group 
of chemica l  t e r m s  ~-s, ka +s  and the group M'---/, k~ .  

In the s ta t ionary  one-d imens iona l  case  one finds f r o m  (3), (5), and (7) that 

j = eonst, q* = q q- j~ = const, 

and f r o m  (16) that I~ =const ;  thus  in the l inear  approx imat ion  k~ =const  and the t r a n s f o r m e d  equations (15) a r e  
of the for  m 

dka + Jdx = ~ .  (21) 

By vi r tue  of (12) and (19) the s y s t e m  of equations (21) is c losed  for  the Planck functions A s and can be wr i t t en  
as 

~ M s t  d -  -dT At = ~ L.At.  (22) 
t t 

For  Lst ,  IV[st =cons t  the solut ions of (22) a r e  of the f o r m  

= + C-Ze ), 
L 

where  the r values  of ;k t a r e  found by solving the secu la r  equation 

iM=t~.'- - -  L~tl = O, 

and out of 2r 2 integrat ion constants  Cs~t only 2r a r e  independent and the r ema in ing  ones can be e x p r e s s e d  in 
the i r  t e r m s  by using (22). Employing  the obtained solut ions one can exp re s s  z in t e r m s  of ~p and solve the las t  
equation of (6). 

The actual  choice of independent r eac t ions  is quite a r b i t r a r y ,  the nonvanishing of the c r o s s  coeff icients  
Lst  (s ~ t ) i s  to be understood as taking into account  the poss ib le  dependent r eac t ions  which a r e  not cons idered  
expl ici t ly  within the f r a m e w o r k  of the t he rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s .  

Moreover ,  the employment  of the Planck functions M l and A s as va r i ab l e s  pe rmi t s  a na tura l  extension 
of the ana lys i s  just  c a r r i e d  out to the case  of an i so the rmic  s y s t e m s  with different  t e m p e r a t u r e s  of different  

Ki. 

The di f ference  between this  s tudy and a s im i l a r  invest igat ion in [2] l ies  in tha t in  [2] the m a t r i c e s  ! Lst  II 
and I] Mij II a r e  dtagonalized and one p roceeds  to f o r m a l  va r i ab l e s  whose meaning is not qu._.ite clear_ w h e rea s  
in the p re sen t  work  the ana lys i s  is c a r r i e d  out in phys ica l  va r i ab l e s  (in Planck functions IV[ l and As) which 
enables  us to draw conclusions as  r e g a r d s  the specif ic  autonomy of chemica l  p r o c e s s e s .  In the genera l  case  
all  kinetic coeff icients  depend on T and on concent ra t ions :  thus a comple te  separa t ion  of the or ig inal  s y s t e m  of 
equations is not poss ible .  
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